Abstract. We consider injective local maps from a local domain R to a local domain S such that the generic fiber of the inclusion map R → S is trivial, that is, P ∩ R = (0) for every nonzero prime ideal P of S. We present several examples of injective local maps involving power series that have or fail to have this property. For an extension R → S having this property, we give some results on the dimension of S; in some cases we show dim S = 2 and in some cases dim S = 1.
Introduction and background
Our work in this paper originates with the following question raised by Melvin Hochster and Yongwei Yao. Question 1.1. Let R be a complete local domain. Can one describe or somehow classify the injective local maps of R to a complete local domain S such that U −1 S is a field, where U = R \ (0), i.e., such that the generic fiber of R → S is trivial? By Cohen's structure theorems [4] , [15, (31.6) ], a complete local domain R is a finite integral extension of a complete regular local domain R 0 . If R has the same characteristic as its residue field, then R 0 is a formal power series ring over a field. The generic fiber of R → S is trivial if and only if the generic fiber of R 0 → S is trivial. Thus as Hochster and Yao remark: if R is equal characteristic zero one obtains extensions as in Question 1.1 by starting with where K is a subfield of L and the x i , y j are formal indeterminates. Let P be a prime ideal of T maximal with respect to being disjoint from the image of R 0 \ {0}. Then the composite map R 0 → T → T /P =: S is an extension of this type. Of course, such prime ideals P are maximal in the generic fiber (R 0 \ {0}) −1 T of the embedding R 0 → T . In [11] , we study the generic fiber of extensions of power series rings over the same base field. With R = K[[x 1 , . . . , x n ]] as above and T = R[[y 1 , . . . , y m ]], we show in [11, Theorem 7.2] that, if P is maximal in the generic fiber of R → T and S = T /P , then dim S is either 2 or n. This answers Question 1.1 in the case where R = K[[x 1 , . . . , x n ]] is a complete regular local domain with coefficient field K and S is a complete local domain that also has coefficient field K. Definition 1.2. If R → S is an injective map of integral domains, we say that S is a trivial generic fiber extension, TGF extension, of R if each nonzero ideal of S has a nonzero intersection with R, or equivalently, if each nonzero element of S has a nonzero multiple in R. Since ideals of S maximal with respect to not meeting the multiplicative system of nonzero elements of R are prime ideals, S is a TGF extension of R if and only if P ∩ R = (0) for each nonzero prime ideal P of S. Another condition equivalent to S is a TGF extension of R is that U −1 S is a field, where U = R \ (0). Let (R, m) → (S, n) be an injective local homomorphism of complete local domains, so that n ∩ R = m. We say that S is a TGF-complete extension of R if S is a TGF extension of R.
In [12] we consider the TGF property for extensions of mixed polynomial/power series rings over the same base field and we partially characterize the prime ideal spectra of such rings. For example, we consider the nested mixed polynomial/power series rings
where k is a field and x and y are indeterminates over k. In Sequence (1.1) the maps are all flat. In Sequence (1.2), for n a positive integer, the map C → D n is not flat, but D n → E is a localization followed by an adic completion of a Noetherian ring and therefore is flat. All of the extensions in (1.1) and (1.2) except those that begin with A are TGF. The extensions that begin with A are not TGF. In dimension 3 we consider in [12] embeddings such as
where k is a field and x, y and z are indeterminates over k. Here all of the proper inclusions fail to be TGF. Takehiko Yasuda in [18] gives additional information on the TGF property. In particular, he shows in [18, Theorem
is not TGF, where C is the field of complex numbers. In this article we discuss several additional topics and questions related to Question 1.1 and the TGF property. In Section 2 we record several basic facts about TGF extensions. We prove in Proposition 2.6 that if A → B is a TGF extension, where B is a Noetherian integral domain, then dim A ≥ dim B.
We prove in Corollary 3.3 that if (A, m) → (S, n) is a TGF-complete extension, where A is equicharacteristic with dim A = n ≥ 2 and S/n finite algebraic over A/m, then either dim S = n and S is a finite integral extension of A or dim S = 2. We also include in Section 3 other remarks concerning TGF-complete extensions having finite residue field extension. For each n ≥ 2 and R = k[[X]] a formal power series ring in n variables over a field k, we describe in (3.5) a TGF-complete extension R → S, where S is a power series ring in 2 variables over k.
In Section 4 we consider a TGF-complete extension (R, m) → (S, n), where S/n is transcendental over R/m. We address, but do not resolve, the question of whether in this situation dim S ≤ 1. We prove in Theorem 4.8 that if (A, m) → (B, n) is an injective local homomorphism of 2-dimensional regular local rings such that B/n as a field extension of A/m is not algebraic, then A → B is not TGF. We deduce that for indeterminates x, y, z, w, t over a field k, if ϕ :
There is much in the literature concerning homomorphisms of formal power series rings; see, for example, the articles of Abhyankar-Moh [2] , Matsumura [13] , Rotthaus [16] .
Trivial generic fiber (TGF) extensions, general remarks
We record in Proposition 2.1 several basic facts about TGF extensions. We omit the proofs since they are straightforward. Proposition 2.1. Let R → S and S → T be injective maps, where R, S and T are integral domains.
(1) If R → S and S → T are TGF extensions, then so is the composite map R → T . Equivalently, if the composite map R → T is not TGF, then at least one of the extensions R → S or S → T is not TGF.
We consider in Proposition 2.2 the relatively easy case where the base ring has dimension one. Proposition 2.2. Let (R, m) be a complete one-dimensional local domain. Assume that (S, n) is a TGF-complete extension of R. Then:
(1) dim(S) = 1 and mS is n-primary. (2) If [S/n : R/m] < ∞, then S is a finite integral extension of R.
Thus, if R → S is a TGF-extension with finite residue extension and dim S ≥ 2, then dim R ≥ 2.
Proof. By Krull's Principal Ideal Theorem [14, Theorem 13.5] , n is the union of the height-one primes of S. If dim S > 1, then S has infinitely many height-one primes. Each nonzero element of n is contained in only finitely many of these height-one primes. If dim S > 1, then the intersection of the height-one primes of S is zero. Since dim R = 1, every nonzero prime of S contains m. Thus dim S = 1 and mS is n-primary. Moreover, if [S/n : R/m] < ∞, then S is finite over R by [14, Theorem 8.4 ]. 
] is a TGF-complete extension.
(2) Let (R, m) → (T, q) be an injective local homomorphism of complete local domains. For P ∈ Spec T , S := T /P is a TGF-complete extension of R if and only if P is an ideal of T maximal with respect to the property that P ∩ R = (0). 
is a TGF-complete extension with S/n finite algebraic over R/m, can the transcendence degree of S over R be finite but nonzero?
(4) If (R, m) → (S, n) is a TGF-complete extension as in (3) with R equicharacteristic and dim R ≥ 2, then by Corollary 3.3 below it follows that either S is a finite integral extension of R or dim S = 2.
Let ht Q = n ≥ 2, and assume by induction that ht Q ≤ ht(Q ∩ A) for each Q ∈ Spec B with ht Q ≤ n − 1. Since B is Noetherian, (0) = {Q | Q ⊂ Q and ht Q = n − 1}.
Hence there exists Q ⊂ Q with ht Q = n − 1 and
3. TGF-complete extensions with finite residue field extension Setting 3.1. Let n ≥ 2 be an integer, let X = {x 1 , . . . , x n } be a set of independent variables over the field k and let R = k[[X]] be the formal power series ring in n variables over the field k.
] be as in Setting 3.1. Assume that R → S is a TGF-complete extension, where (S, n) is a complete Noetherian local domain and S/n is finite algebraic over k. Then either dim S = n and S is a finite integral extension of R or dim S = 2.
Proof. It is clear that if S is a finite integral extension of R, then dim S = n. Assume S is not a finite integral extension of R. Let b 1 , . . . , b m ∈ n be such that n = (b 1 , . . . , b m )S, and let Y = {y 1 , . . . , y m } be a set of independent variables over R. Since S is complete the R-algebra homomorphism ϕ :
By [14, Theorem 8.4 ], S is a finite module over T /Q. Hence dim S = dim(T /Q) and the map Spec S → Spec T /Q is surjective, so by Proposition 2.1(3),
Corollary 3.3. Let (A, m) and (S, n) be complete equicharacteristic local domains with dim A = n ≥ 2 and suppose that A → S is a local injective homomorphism and that the residue field S/n is finite algebraic over the residue field A/m := k. If A → S is a TGF-complete extension, then either dim S = n and S is a finite integral extension of A or dim S = 2.
, where X is as in Setting 3.1. We have R → A → S. By Proposition 2.1(1), R → S is TGF. By Theorem 3.2, either dim S = n and S is a finite integral extension of A or dim S = 2.
, then every kalgebra embedding R → S fails to be TGF. . If P ∈ Spec R is such that dim R/P ≥ 2 and Q ∈ Spec S is maximal with respect to Q ∩ R = P , then either (i) dim S/Q = 2, or (ii) R/P → S/Q is a finite integral extension (and so dim R/P = dim S/Q).
Proof. Let A := R/P → S/Q =: B, and apply Corollary 3.3.
General Example 3.5. It is known that, for each positive integer n, the power series ring R = k[[x 1 , . . . , x n ]] in n variables over a field k can be embedded into a power series ring in two variables over k. The construction is based on the fact that the power series ring k [[z] ] in the single variable z contains an infinite set of algebraically independent elements over k. where
where the a i1,...,in ∈ k and the i j are nonnegative integers. Our hypothesis on the f j implies that each of the a i1,...,in = 0, and so g m = 0 for each m.
Proposition 3.7. With notation as in Example 3.5, for each integer n ≥ 2, the extension (R n , m n ) → (S, n) is nonfinite TGF-complete with trivial residue extension. Moreover ht(P ∩ R n ) ≥ n − 1, for each nonzero prime P ∈ Spec S.
Proof. We have k = R n /m n = S/n, so the residue field of S is a trivial extension of that of R n . Since m n S is not n-primary, S is not finite over R n . If P ∩ R n = m n , then ht(P ∩ R n ) = n ≥ n − 1. Since dim S = 2, if m n is not contained in P , then ht P = 1, S/P is a one-dimensional local domain, and m n (S/P ) is primary for the maximal ideal n/P of S/P . It follows that R n /(P ∩ R n ) → S/P is a finite integral extension [14, Theorem 8.4] . Therefore dim R n /(P ∩ R n ) = 1. Since R n is catenary and dim R n = n, ht(P ∩ R n ) = n − 1. [17] . The method used in [17] to prove that S has infinite transcendence degree over R is by constructing power series in y/x with 'special large gaps'. Since k [[x] ] is contained in R, it follows that S is a TGFcomplete extension of R. To show this, it suffices to show P ∩ R = (0) for each P ∈ Spec S with ht P = 1. This is clear if x ∈ P , while if x ∈ P , then
Therefore dim R/(P ∩ R) = 1, so P ∩ R = (0).
Notice We have
where σ : R → S is the inclusion map. Since yS ∩ R = (0), σ : R → S is not TGF. There is a t ∈ S with ts ∈ R, but is there a t ∈ S with both t t and t ts ∈ R? (3) A related question is whether the given R → S is extendable to an injective local homomorphism ϕ :
, which is still local injective?
We show in Proposition 3.12 that the answer to Question 3.11 (2) is 'no' if the answer to Question 3.11(3) is "yes", that is, the given R → S is extendable to an injective local homomorphism R[[y]] → S. In Example 3.13 we present an example where this occurs. 
] be such that x and f are algebraically independent over k, so (1, x, f ) is not a solution to any nonzero homogeneous form over k. As in (3.2) and (3.5), the extension of ϕ obtained by mapping z → f y is an injective local homomorphism.
(
is a composition of two extensions that are not TGF by part (1). Now apply Proposition 2.1.
The case of transcendental residue extensions
In this section we address, but do not fully resolve, the following question.
Question 4.1. If (S, n) is a TGF-complete extension of (R, m) and if S/n is transcendental over R/m does it follow that dim S ≤ 1?
In Proposition 4.2 we prove every complete local domain of positive dimension has a one-dimensional TGF-complete extension. (1) There exists a one-dimensional complete local domain (S, n) that is a TGF extension of R. (2) If R is complete, there exists a one-dimensional TGF-complete extension of R.
Proof. It is well known that there exists a discrete rank-one valuation domain (S, n) that dominates R (see, for example, [3] ). The n-adic completion S of S is a one-dimensional local ring that dominates R and each minimal prime p i of S intersects S in zero, so S/p i is a one-dimensional complete local domain that dominates R. Moreover, if (S, n) is a one-dimensional local domain that dominates a local domain (R, m) of positive dimension, then it is obvious that S is a TGF extension of R, so if R and S are also complete, then S is a TGF-complete extension of R.
Setting 4.3. Let n ≥ 2 be an integer, let X = {x 1 , . . . , x n } be a set of independent variables over the field k and let R = k[[X]] be the formal power series ring in n variables over the field k. Let z, w, t, v be independent variables over R. (1) There exists a TGF embedding θ :
in General Example 3.5 is also TGF.
, where f n is a homogeneous form of degree n with coefficients in k. We have
This implies f n (t, 1) = 0 for each n. Since t is algebraically independent over k, we have f n (z, w) = 0 for each n. Thus f = 0 and θ is an embedding. Since θ is a local homomorphism and dim k(t) [[v] ] = 1, it is clear that θ is TGF. For the second part, we use Proposition 2.1 together with the observation in General Example 3.5 that ϕ is a TGF embedding.
As a consequence of Proposition 4.4, we prove:
There exists a prime ideal P ∈ Spec A in the generic fiber over R with ht P = n − 1. In particular, the inclusion map 
where Ψ : A → B is the identity map on k(t) and is defined by
Notice that Ψ| R = ψ = θ • ϕ. Therefore the diagram is commutative. Let P = ker Ψ. Since Ψ is surjective, ht P = n − 1. Commutativity of the diagram implies that P ∩ R = (0). Discussion 4.6. Let us describe generators for the prime ideal P = ker Ψ given in Corollary 4.5. Under the map Ψ, x 1 → tv, and so 
Again the ideal on the left-hand-side is a prime ideal of height n − 1, so we have equality. This yields a different prime ideal P .
In this case one can also see directly for
is a homogeneous form of degree . We have
This implies f (1, h 2 (tv) , . . . , h n (tv)) = 0 for each . Since h 2 , . . . , h n are algebraically independent over k, each of the homogeneous forms f (x 1 , . . . , x n ) = 0. Hence f = 0. A n of an infinite sequence A n of quadratic transforms of a 2-dimensional regular local domains. Then V is a valuation domain of rank at most 2 contained in B, and so at most finitely many of the height-one primes of B have a nonzero intersection with V . Therefore V → B is not TGF and hence also A → B is not TGF.
Thus by possibly replacing A by an iterated local quadratic transform A n of A, we may assume that mB is neither n-primary nor principal. Let m = (x, y)A. There exist f, g, h ∈ B such that x = gf, y = hf and g, h is a regular sequence in B. Hence (g, h)B is n-primary. Let f = f Let t ∈ B be such that the image to t in B/n is transcendental over A/m. Modifying t if necessary by an element of n we may assume that t is transcendental over A. We have n ∩ A[t] = m[t]. Let A(t) = A[t] m [t] . Notice that A(t) is a 2-dimensional regular local domain with maximal ideal mA(t) that is dominated by (B, n). We have
Let P = (xt − y)A(t). Then P ∩ A = (0). We have P B = (gf t − hf )B = f (gt − h)B. Also gt − h is a nonunit of B. Let Q be a minimal prime of (gt − h)B. Then Q ∈ {f 1 B, . . . , f r B}. Hence mA(t) ⊆ Q. Therefore Q ∩ A(t) has height one. Since P ⊆ (gt − h)B ⊆ Q, we have Q ∩ A(t) = P . Thus Q ∩ A = (0). This completes the proof.
We have the following immediate corollary to Theorem 4.8. be an injective local k-algebra homomorphism. Then ϕ(R) → S is not TGF.
In relation to Question 4.1, Example 4.10 is a TGF extension A → B that is not complete for which the residue field of B is transcendental over that of A and dim B = 2. is not a TGF-extension. We hope to expand on this in a future publication.
